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Natural Deduction inthe
Metamath Proof Language



What is Metamath?

* A computer language for writing mathematical proofs
* A program to verify proofs in the Metamath language

* Alibrary of completed proofs

* Almost 20000 proofs exist in set.mm, the main collection of proofs based
primarily on ZFC set theory

 Covers introductory material in set theory, category theory, real analysis,
number theory, algebra, topology, linear algebra, lattice theory, etc.



How does it work?

* Consider a logician’s “formal proof”

* Formulas look something like (v; € v, = Vv, v; € v,), with
individual variables and no metavariables

* There are an infinite number of axioms, because there are no
schemes (although axiomhood is decidable)

* Using schemes, each axiom is a substitution instance of just a few
axiom schemes like (- > - ))

* In metamath, the “"scheme” concept is extended to theorems



How does it work?
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Advantages

* Conceptually simple foundations

* Core verifier is very small (one independent verifier is =300 lines of
python)

* Fast proof verification (=6 sec to verify 20000 proofs)

» Axioms are user-specified, so it is not tied to any particular logical
foundation

* Each proofin the Proof Explorer lists the axioms that were used to prove it,
so it is possible to, say, track AC usage in a proof



Comparison to Mizar

* Proofs are in the form of formulas, not natural language

* Steps are much smaller in scope
* Similar to C versus assembly
* Possible target for "“compilation” from higher level languages

 Simple open source verifier, public domain proofs
* Follows QED philosophy: open source means independent verification

* No concept of “"exported theorems”

* All theorems have globally unique labels and are accessible by any later
proof

* Hilbert-style proof system (every step of a proof is a theorem)



Some important theorems

* The following theorems have been formalized in set.mm:

* Russell’s paradox * Infinitude of the primes
e Cantor’'s theorem J Fu_ndame_ntaITheorem of
e Schroder-Bernstein Theorem Arithmetic

Bertrand’s postulate
Fundamental group of topology
Sum of k-th powers

Formula for Pythagorean triples
Cauchy-Schwarz inequality
Descargues’s theorem

Baire category theorem

Riesz representation theorem

e Zorn's lemma

* Irrationality of V2

* Countability of Q

e Euler'sthm. & Fermat’s little thm.
* Uncountability of R

e Bezout's theorem

 Heine-Borel theorem

* Bolzano-Weierstrass theorem






